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Abstract— Buffer insertion is a popular techniqueto reducethe
interconnectdelay. The classicbuffer insertion algorithm of van
Ginneken has time complexity �
������� , where � is the number of
buffer positions. Lillis, Cheng and Lin extendedvan Ginneken’s
algorithm to allow � buffer types in time �
����������� . For modern
design libraries that contain hundreds of buffers, it is a serious
challenge to balance the speed and performance of the buffer
insertion algorithm.

In this paper, we present a new algorithm that computes
the optimal buffer insertion in �
��������� time. The reduction
is achieved by the observation that the ��������� pairs of the
candidatesthat generatethe new candidatesmust form a convex
hull. On industrial test cases,the new algorithm is faster than the
previous bestbuffer insertion algorithms by orders of magnitude.

Sincevan Ginneken’s algorithm with multiple buffer typesare
used by most existing algorithms on buffer insertion and buffer
sizing, our new algorithm impr oves the performance of all these
algorithms.

Index Terms— Buffer insertion, interconnect, Elmore delay,
routing, data structur e

I . INTRODUCTION

DELAY optimization techniquesfor interconnectare in-
creasingly important for achieving timing closure of

high performancedesigns.Onepopulartechniquefor reducing
interconnectdelay is buffer insertion. A recent study by
Saxenaet al [1] projectsthat 35% of all cells will be intra-
block repeatersfor the 45 nm node.Consequently, algorithms
that can efficiently insert buffers are essentialfor the design
automationtools.

In 1990, van Ginneken [2] proposedan optimal buffer
insertionalgorithmfor onebuffer type.His algorithmhastime
complexity �! �"
#�$ , where" is the numberof candidatebuffer
positions.Lillis, ChengandLin [3] extendedvan Ginneken’s
algorithm to allow % buffer typesin time �! &% # " # $ . Recently,
Shi andLi [4] presenteda new algorithmwith time complexity�! '"
(*),+-".$ for 2-pin nets,and �! �"/(')0+ # ".$ for multi-pin nets,
for one buffer type. Several works have built upon van Gin-
neken’salgorithmandits extensionfor multiplebuffer typesto
include wire sizing [3], simultaneoustree construction[5–8],
noiseconstraints[9] andresourceminimization [3], [10].

Moderndesignlibraries may containhundredsof different
buffers with different input capacitances,driving resistances,
intrinsic delays,power levels,etc. If every buffer availablefor
the given technologyis allowed, it is statedin [11] that the
current algorithms could possibly take days or even weeks
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for large designssince all thesealgorithmsare quadraticin
termsof % . Alpert et al [11] studiedhow to reducethe size
of the buffer library with a clusteringalgorithm.Thoughthe
buffer library sizeis reduced,the solutionquality is degraded
accordingly.

In this paper, we proposea new algorithm that performs
optimal buffer insertionwith % buffer types in �! �%1" # $ time.
Our speedupis achievedby theobservationthatthecandidates
that generatenew bufferedcandidatesmust lie on the convex
hull of  &2
354!$ . Experimentalresultsshow that our algorithm
is significantly fasterthanprevious bestalgorithm.

SectionII formulatesthe problem.SectionIII describesthe
new algorithm. Simulation results are given in Section IV.
Extensionto other problemsis in SectionV and conclusions
aregiven in SectionVI.

I I . PRELIMINARY

A net is given as a routing tree 6 78 &9:3<;=$ , where9>7@?BA�C,DFEG9IH!EJ9�K , and ;MLN9POQ9 . Vertex A�C is the
source vertex and also the root of 6 , 9�H is the set of sink
vertices, and 9 K is the set of internal vertices. Each sink
vertex ASRT9 H is associatedwith sink capacitance4! &AB$ and
requiredarrival time UWV-XY �A�$ . A buffer library Z contains
different types of buffers and its size is representedby % .
For eachbuffer type [�\/RQZ , the intrinsic delay is ]^ �[�\�$ ,
driving resistanceis U
 �[ \ $ , and input capacitanceis 4! �[ \ $ .
A function _a`�9IKcbedgf specifiesthetypesof buffersallowed
at eachinternal vertex. Eachedge hcRi; is associatedwith
lumpedresistanceU
 &hB$ andcapacitance4! &hB$ .

Following previous researchers[2], [3], [5], [6], [12], we
usethe Elmoredelayfor the interconnectandthe linear delay
for buffers. For eachedge hW7j 'kl\m3&kln�$ , signalstravel from kl\
to k n . The Elmoredelayof h is

o  &hB$-7jU/ �hB$ 4! &hB$p q 4! 'k n $ 3
where 4! �k n $ is the downstreamcapacitanceat k n . For any
buffer type [ \ at vertex k n , the buffer delay iso  'k n $-7jU
 &[ \ $sr�4! �k n $ q ]^ �[ \ $&3
where 4! �k n $ is the downstreamcapacitanceat k n . When a
buffer [ \ is inserted,the capacitanceviewed from the upper
streamis 4! &[ \ $ .

For any vertex kSR^9 , let XY 'k
$ be the subtreedownstream
from k , andwith k being the root. Oncewe decidewhereto
insert buffers in XY 'k
$ , we have a candidate t for XY 'k
$ . The
delay from k to sink AuRvXY 'k
$ under t iso  'ks3<Aw3<t-$x7 y1z|{~}<�&� }����� o  'kl\�$ q o  &hB$m$�3
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wherethe sumis over all edgesh in the path from k to A . Ifkl\ is a buffer in t , then
o  �kl\�$ is the buffer delay. If kl\ is not

a buffer in t , then
o  �kl\�$�7�� . The slackof k under t is

2F 'ks3<t-$x7��F�'�H<��� {~}�� ?BUWV-XY �AB$�� o  �k�35A�35t�$mDB�
Buffer Insertion Problem: Givenroutingtree 6�7� &9:3<;=$ ,

sink capacitance4! �A�$ and UWV-X� &AB$ for eachsink A , capaci-
tance4! &hB$ andresistanceU/ �hB$ for eachedgeh , possiblebuffer
position _ , andbuffer library Z , find a candidatet for 6 that
maximizes2F &A C 35t�$ .

The effect of a candidateto the upstreamis describedby
slack 2 anddownstreamcapacitance4 [2]. Define 4! 'ks3<t-$ as
the downstreamcapacitanceat nodek undercandidatet . For
any two candidatest�� and t # of XY 'k
$ , we say t-� dominatest # , if 2= 'ks3<t-�<$F�P2F 'ks3<t # $ and 4! 'ks3<t-��$=��4! 'ks3<t # $ . The
setof nonredundantcandidatesof XY �k�$ , which we denoteas�  'k
$ , is the setof candidatessuchthat no candidatein

�  'k
$
dominatesany othercandidatein

�  �k�$ , andeverycandidateofXY 'k
$ is dominatedby somecandidatesin
�  �k�$ . Oncewe have�  &A�Cl$ , thecandidatethatgivesthemaximum 2= &A�C035t�$ canbe

found easily. The numberof total nonredundantcandidatesis
at most " qJ� for onebuffer type [2] and %1" q�� for % buffer
types[3], where" is thenumberof candidatebuffer positions.

I I I . NEW ALGORITHM

The previous best algorithm for multiple buffer types by
Lillis, Cheng and Lin consistsof three major operations:
1) adding buffers at a buffer position in �! &% # ".$ time, 2)
addinga wire in �! �%1".$ time, and3) merging two branchesin�! &%1".� q %1" # $ time,where".� and" # arethenumbersof buffer
positionsin the two branches.As a result,their algorithmhas
time complexity �! &% # " # $ . Note that the bottleneckof their
algorithmis addingbuffers.Theiralgorithmtakes �! &% # ".$ time
becauseit takes �! �% # ".$ time to generateall new candidates
and �! &% # ".$ time to insertnonredundantonesinto the original
list of nonredundantcandidates.

In this section,we show that the time complexity of the
first operation,adding buffers at a buffer position, can be
reducedto �! �%1".$ , and thus our algorithm can achieve total
time complexity �! �%1" # $ .

Assumewe have computedthe setof nonredundantcandi-
dates

�  'k � $ for X� 'k � $ , andnow reacha buffer position k , see
Fig. 1. Wire  'ks3&k � $ has0 resistanceand capacitance.Define� \  &t-$ as the slack if we add a buffer type [ \ at k for any
candidatet in

�  �k��5$ :� \  �t�$x7j2= �k � 3<t-$s��U
 &[ \ $srB4! 'k � 3<t-$s�J]  &[ \ $�� (1)

If we do not insertany buffer at k , thenevery candidateforXY 'k��5$ is a candidatefor XY 'k
$ . If we inserta buffer at k , then
for every buffer type [�\ , ¡¢7 � 3 p 35�<�<��35% , therewill be a new
candidate£ \ :

2= �k�3�£s\m$¤7 �Y¥0¦§ ��¨ {©}�ª«� ? � \m �t�$mDB34! 'ks3&£ \ $¤7 4! &[ \ $&�
Note thatsomeof thenew candidates£�\ s couldberedundant.
Definethe bestcandidatefor [�\ asthe candidatets\-R �  'k���$

suchthat t�\ maximizes
� \� �t�$ amongall candidatesof

�  'k���$ .
If there are multiple t ’s that maximize

� \� �t�$ , the one with
minimum 4! �t�$ is chosen.

¬�­¯®w°«±²w³´

Fig. 1. µ�¶~·0¸ consistsof buffer position · and µ�¶©·B¹�¸ .
We show how to generateall £ \ s in �! &%1".$ time. Sinceall

candidatesdiscussedin thissectionarein
�  �k � $ , wewill write2= �t�$ for 2= 'k � 3<t-$ , and 4! �t�$ for 4! 'k � 3<t-$ . Supposebuffersin

the buffer library aresortedaccordingto its driving resistanceU
 &[�\m$ in non-increasingorder, U
 &[/�<$S�@U/ �[ # $a�Nr5r<r
�U
 &[�º5$ . If somebuffer typesarenot allowed at k , we simply
omit themwithout affecting the restof the algorithm.

Lemma1: For any two buffer types [ \ and [ n , where ¡|»¼
, let their bestcandidatesbe t \ and t n , respectively. Then

we musthave 4! &t \ $x�½4! &t n $ .
Proof: From the definition of t \ , we have

� \  &t \ $S�� \  �t n $ and
� n  &t n $�� � n  �t \ $ . Consequently,

2= �t \ $��J2F &t n $¾� U
 &[ \ $sr0 &4! �t \ $s��4! &t n $m$�3
2= �t n $s��2= �t \ $¾� U
 &[ n $srl &4! &t n $s��4! &t \ $m$&�

Therefore, �U
 &[�\�$���U
 &[�n�$m$m �4! &ts\�$��J4! �t�n0$m$-�J�¿�
Since¡�» ¼ , U
 &[ n $��jU
 &[ \ $ . If U/ �[ n $-»jU
 &[ \ $ , 4! &t \ $��4! &t n $ . If U
 &[ n $
7ÀU/ �[ \ $ , then it is easyto get

� \  &t \ $
7� \  �t n $ and
� n  &t n $x7 � n  �t \ $ . Fromthedefinition,whenthere

aremultiple t ’s that maximize
� \  &t-$ , the onewith minimum4! &t-$ is chosen.Thus t \ and t n shouldbethesamecandidate,

which means4! &ts\�$ = 4! &tsnB$ .
Lemma 1 implies that the best candidatest��Á3<�5�<��35t�º for

buffer types [/�Á35�<�<�s35[�º are in increasingorder of 4 . How-
ever, this is not enoughfor an �! �%1" # $ time algorithm.In the
following, we definetheconceptof convex pruning, which can
beusedto pruneuselesscandidatesthatarenot prunedby the
traditionalvan Ginneken’s algorithm.

Convex pruning: Let t � 3<t # and t�Â bethreenonredundant
candidatesof X� 'k � $ suchthat 4! &t � $�Ãi4! &t # $-Ãj4! &t�ÂI$ . If

2= &t # $���2= �t � $4! &t # $���4! &t-��$ Ã
2F &t�Âl$s��2= &t # $4! �t Â $s��4! &t # $ 3 (2)

thenwe prunecandidatet # .
Convex pruning can be explained by Figure 2. Consider2 as the Ä -axis and 4 as the Å -axis. Then the set of

nonredundantcandidate
�  �k � $ area setof points in the two-

dimensionalplane. Candidate t # in the above definition is
shown in Figure 2(a), and is prunedin Figure 2(b). Call the
candidatesafter convex pruning ÆÇ �k��<$ . It can be seenthat�  �k��<$ is a monotonicallyincreasingsequence,while ÆÇ 'k���$
is a convex hull.

FunctionConvexPruning performsconvex pruning for
any list of nonredundantcandidatessorted in increasing 2
and 4 order. The following C codedefinesthe linked list data
structurefor the candidates:

typedef struct Candidate {
double Q, C;
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Fig. 2. (a) NonredundantcandidatesöY¶~· ¹ ¸ on (÷ , ø ) plane.(b) Nonre-
dundantcandidatesùG¶~· ¹ ¸ after convex pruning.

struct Candidate *next, *prev;
// double link list

} Candidate;

Let the candidatewith minimum 4 be t � . We add a
dummy candidate m�/úJ354! &t � $�$ at the beginning of the list
to simplify the algorithm. The list is pointed by header.
FunctionLeftTurn checksif a1, a2 and a3 form a left
turn on the plane.It is the sameas the condition in Eq. (2).

void ConvexPruning(Candidate *header)
{

Candidate *a1, *a2, *a3;

a1 = header;
a2 = a1->next;
a3 = a2->next;

while (a3 != NULL) {
if (LeftTurn(a1, a2, a3)) {

// prune a2 and move backward
free(a2);
a1->next = a3;
a3->prev = a1;
a2 = a1;
a1 = a1->prev;

} else {
// move forward
a3 = a3->next;
a2 = a2->next;
a1 = a1->next;

}
}

}

Lemma2: Given any set of û nonredundant candi-
dates sorted in increasing 2 and 4 order, function
ConvexPruning performs convex pruning in �! &û�$ time.

Proof: This procedureis known as Graham’s scan in
computationalgeometry[13]. It finds the convex hull of a set
of points in sortedorder in linear time.

Lemma3: For any buffer type [�\�RüZ , its bestcandidatet�\ thatmaximizes
� \� &t-$ is not prunedby ConvexPruning.

Proof: Considerany candidateý^R �  �k��5$ with 4! �ýx$:»4! &ts\�$ . According to the definition of ts\ , we have
� \� &ts\�$��� \� �ýx$ . Therefore,

2= �ýx$s��2= �t \ $¾� U
 &[ \ $sr0 &4! �ýx$��J4! �t \ $m$�32= �ýx$���2= �t \ $4! �ýx$s��4! &ts\�$ � U
 &[ \ $&�
Similarly for any candidateþGR �  'k��<$ with 4! 'þ�$�Ãÿ4! �t�\�$ ,
we have

2= &t \ $��J2= �þ�$¾� U
 &[ \ $sr0 &4! �t \ $��Q4! 'þ�$�$&32= &t \ $��J2= �þ�$4! &ts\�$��J4! �þ
$ � U
 &[ \ $&�
Therefore,

2= �t \ $s��2= 'þ�$4! �t \ $s��4! 'þ�$ � 2= 'ý�$��J2F &t \ $4! 'ý�$s�J4! �t \ $ 3
where þ is any candidateswith 4! 'þ�$.Ãç4! �t \ $ , and ý is any
candidateswith 4! �ýx$:»�4! &t \ $ . Accordingto thedefinitionof
convex pruning, t \ is not pruned.

Lemma4: Let the set of nonredundantcandidatesafter
ConvexPruning be ÆÇ 'k��<$ and assumeÆÇ 'k��5$ are sorted
in increasing 2 and 4 order. Considerany three candidatesþ , t , ý in ÆÇ �k��5$ , suchthat 4! �þ
$�ÃÇ4! &t-$�Ã 4! 'ý�$ . For any
buffer type [�\�R Z , if

� \� 'þ�$¢� � \� �t�$ , then
� \� 'þ�$¢� � \� �ýx$ ;

if
� \� �ýx$�� � \� &t-$ , then

� \� 'ý�$�� � \� 'þ�$ .
Proof: From the definition of convex pruning,we have

2= �ýx$���2= &t-$4! 'ý�$s��4! &t-$ � 2= &t-$s��2= 'þ�$4! &t-$���4! 'þ�$ �
If
� \  'þ�$-� � \  &t-$ , then

2= &t-$���2= 'þ�$4! &t-$
��4! 'þ�$ � U
 &[�\m$&3
2= �ýx$���2= &t-$4! 'ý�$s��4! &t-$ � U
 &[�\m$&3

2= �t�$��JU
 &[�\m$�rB4! &t-$¾� 2= 'ý�$���U/ �[�\�$srB4! �ýx$�3� \� &t-$¾� � \� 'ý�$&�
Therefore,

� \  'þ�$-� � \  'ý�$ . Similarly, if
� \  'ý�$-� � \  &t-$ , then

2F 'ý�$��J2= �t�$4! �ýx$��J4! �t�$ � U
 &[�\�$�3
2= �t�$s��2= �þ
$4! &t-$���4! 'þ�$ � U
 &[ \ $�3

2= &t-$s��U/ �[ \ $sr�4! �t�$¤� 2= �þ
$��JU
 &[ \ $sr�4! 'þ�$� \  �t�$ � � \  �þ
$��
Therefore,

� \� 'ý�$�� � \� �þ�$ .
Lemma4 implies that for any buffer type [ \ , if candidatet maximizes

� \  &t-$ amongits previous andnext consecutive
candidatesin ÆÇ 'k � $ , then t maximizes

� \  &t-$ among all
candidatesin ÆÇ 'k � $ .

FunctionNewCandidate identifiesthebestcandidatest \
from

�  'k � $ andgeneratesnew candidates£ \ , for ¡¢7 � 3<�<�5�s3<% .
Nonredundantcandidatesin

�  'k���$ arestoredin increasing4
orderusingadoublelink list pointedby header. Buffer types
aresortedin non-increasingdriver resistanceorderandstored
in arrayB. FunctionP(i, a) computes

� \� &t-$ asdefinedin
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Eq. (1). FunctionSort(beta) sorts£ ’s in nondecreasing4
order.

void Candidate *NewCandidate(
Candidate *header, Candidate *beta)

{
Candidate *a1, *a2;
int i;

ConvexPruning(header);

a1 = header;
a2 = a1->next;
for (i = 1; i <= b; i ++) {

while (a2 != NULL) {
if (P(i, a1) < P(i, a2)) {

a1 = a1->next;
a2 = a1->next;

} else
break;

}

// generate new candidate
beta[i]->Q = P(i, a1);
beta[i]->C = B[i]->C;

}

Sort(beta);
}

Theorem1: If k is a buffer position,wire  �k�3�k��5$ is a wire
with zeroresistanceandcapacitance,nonredundantcandidates
of
�  'k���$ arestoredin increasing2 and 4 order, thenfunction

NewCandidate generatesall new candidatesfor
�  'k
$ in�! &%1".$ time.

Proof: Let the set of nonredundantcandidatesafter
ConvexPruning be ÆÇ 'k � $ . From Lemma3, we know that
all best candidatest \ ’s are in ÆÇ 'k � $ . From Lemma 1 and
Lemma4, startingfrom thefirst candidatesin ÆÇ 'k � $ , function
NewCandidate can find all £ \ ’s in the increasingorder of¡ .

Now considerthe time complexity. Accordingto Lemma2,
functionConvexPruning takes �! &%1".$ time. Thefor loop
takes �! �%1" q %5$�7��! &%&".$ time. To reducethetime complexity
for functionSort, we sort the entirebuffer library according
to input capacitance4! �[�\�$ in �! &%I(')0+ %5$ time during pre-
processing,and establishan order from buffer index ¡ to the
order in 4! �[ \ $ . Theneachtime functionSort is called,the
new candidates£ \ ’s can be sortedin nondecreasing4 order
by using the index in �! &%�$ time.

Oncewe have all new candidatesgeneratedand sortedin
increasing2 and 4 order, it is easyto merge with nonredun-
dantcandidatesin

�  'k � $ to produce
�  'k
$ . The time it takes

is linear in terms of the two lists: �! �%1".$ q �! &%5$F7 �! &%1".$ .
Since the other two operations,adding a wire and merging,
canboth be donein time �! �%1".$ , we have:

Theorem2: The optimal buffer insertion problem for %
buffer typesand " possiblebuffer positionscanbe computed
in time �! &%1" # $ .

IV. SIMULATION

Both the algorithmof Lillis et al [3] andthe new algorithm
areimplementedin C andrun on a SunSPARC workstations
with 400MHz and2 GB memory. Thedeviceandinterconnect
parametersarebasedon TSMC 180nm technology. We have4
differentbuffer libraries,of size8, 16, 32 and64 respectively.
The valueof U
 &[ \ $ is from 180

�
to 7000

�
, 4! �[ \ $ is from

0.7 fF to 23 fF, and ]  &[ \ $ is from 29 ps to 36.4ps.The sink
capacitancesrangefrom 2 fF to 41 fF. The wire resistanceis
0.076

�������
andthe wire capacitanceis 0.118fF

�����
. Table

I shows for large industrial circuits, the new algorithm is up
to 11 timesfasterthanLillis’ algorithm.Thememoryusageis
only 2% more due to the doublelinked list usedby the new
algorithm.

Fig. 3 comparesthe time complexity of two algorithmsfor
thenetwith 1944sinksand33133buffer positionswith respect
to the size of buffer library % . In the figure, the � axis is
normalizedto the running time of the casewhen the buffer
library size is 8. Though the worst casetime complexity of
Lillis’ algorithmis quadraticin termsof % , it behavesmorelike
a linearfunctionof % , asobservedin [11]. Thetimecomplexity
of our algorithmis also linear, but hasa muchsmallerslope.

Fig. 4 comparesthe time complexity of the two algorithms
for the net with 1944 sinks, with respectto the numberof
buffer positions" . The buffer library size is 32. In the figure,
the � axis is normalizedto the running time of the casewith
1943 buffer positions.We can seethat while Lillis’ and our
algorithms both behave quadratically, our algorithm shows
much slower growing trend since the operation of adding
buffersbecomesmoredominantamongthreemajoroperations
when " increases.
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Fig. 3. Comparisonof normalizedrunning time of our new 	�¶�

� � ¸ time
algorithmandthe 	�¶�
 � � � ¸ time algorithmby Lillis et al. Numberof sink is
1944andnumberof buffer positionsis 33133.

V. EXTENSION

The algorithm describedin Section III can be extended
to improve the buffer cost minimization algorithm by Lillis,
Chengand Lin [3]. They representeachcandidateasa tuple &2!3<4�3��Ç$ , where � is thetotal buffer cost,andperformthree
operationsduring dynamic programming:1) adding buffers
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at a buffer position, 2) adding a wire, and 3) merging two
branches.In their algorithm, candidatesare first grouped
accordingto � , and then for each value of � , stored in
increasingorderof  �2
3<4!$ . Accordingthe analysisin [3], the
operationof adding buffers takes �! &% � $ time to generate
new candidates,where

�
is the number of nonredundant

candidates.
We extend our algorithm to  �2
3<4�3��Ç$ framework as fol-

lows. For each � , we apply function NewCandidate on
its list of  &2!3<4!$ candidates.With a similar analysisas in
SectionIII, it is clearthat the time to generatenew candidates
is reducedto �! � $ . The time for other two operationsis the
same.

Our new algorithm can also be easily integrated with
predictive pruning [10], [14], and inverting buffer types[3].

VI . CONCLUSION

We presenteda new algorithm for optimal buffer insertion
with % buffer types of worst casetime �! �%1" # $ . This is an
improvement of the previous best �! &% # " # $ algorithm [3].
Simulation results show our new algorithm is significantly
faster than �! �% # " # $ algorithms for large industrial circuits
with large buffer libraries.Our algorithmcanalsobe applied
to resourceminimization and inverting buffer types. Since
multiple buffer typesareusedin mostexisting algorithmson
buffer insertion,the new algorithm can significantly improve
the performanceof all thesealgorithms.
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