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An O(bn?) Time Algorithm for Optimal Buffer Insertion with b
Buffer Types
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Abstract— Buffer insertion is a popular techniqueto reducethe
interconnectdelay. The classicbuffer insertion algorithm of van
Ginneken hastime complexity O(n?), where n is the number of
buffer positions. Lillis, Chengand Lin extendedvan Ginneken’s
algorithm to allow b buffer typesin time O(b*n?). For modem
design libraries that contain hundreds of buffers, it is a serious
challenge to balance the speedand performance of the buffer
insertion algorithm.

In this paper, we presenta new algorithm that computes
the optimal buffer insertion in O(bn?) time. The reduction
is achieved by the obsewation that the (Q,C) pairs of the
candidatesthat generatethe new candidatesmust form a corvex
hull. On industrial testcasesthe new algorithm is faster than the
previous bestbuffer insertion algorithms by orders of magnitude.

Sincevan Ginneken’s algorithm with multiple buffer typesare
used by most existing algorithms on buffer insertion and buffer
sizing, our new algorithm improvesthe performance of all these
algorithms.

Index Terms— Buffer insertion, interconnect, Elmore delay,
routing, data structure

I. INTRODUCTION

ELAY optimizationtechniquesfor interconnectare in-

creasingly important for achieving timing closure of
high performancelesignsOnepopulartechniquefor reducing
interconnectdelay is buffer insertion. A recent study by
Saenaet al [1] projectsthat 35% of all cells will be intra-
block repeatergor the 45 nm node.Consequentlyalgorithms
that can efficiently insert buffers are essentialfor the design
automationtools.

In 1990, van Ginnelen [2] proposedan optimal buffer
insertionalgorithmfor onebuffer type. His algorithmhastime
compleity O(n?), wheren is the numberof candidatebuffer
positions.Lillis, ChengandLin [3] extendedvan Ginnelen’s
algorithmto allow b buffer typesin time O(b?n?). Recently
ShiandLi [4] presentec new algorithmwith time complexity
O(nlogn) for 2-pin nets,and O(n log® n) for multi-pin nets,
for one buffer type. Several works have built upon van Gin-
neken’s algorithmandits extensionfor multiple buffer typesto
include wire sizing [3], simultaneougree construction[5-8],
noiseconstraintg9] andresourceminimization[3], [10].

Moderndesignlibraries may containhundredsof different
buffers with differentinput capacitancesdriving resistances,
intrinsic delays,power levels, etc. If every buffer availablefor
the given technologyis allowed, it is statedin [11] that the
current algorithms could possibly take days or even weeks
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for large designssince all thesealgorithmsare quadraticin

termsof b. Alpert et al [11] studiedhow to reducethe size
of the buffer library with a clusteringalgorithm. Thoughthe
buffer library sizeis reduced the solutionquality is degraded
accordingly

In this paper we proposea new algorithm that performs
optimal buffer insertionwith b buffer typesin O(bn?) time.
Our speedups achiered by the obsenationthatthe candidates
that generatenew buffered candidatesnustlie on the corvex
hull of (Q, C). Experimentalresultsshav that our algorithm
is significantly fasterthan previous bestalgorithm.

Sectionll formulatesthe problem.Sectionlll describeghe
new algorithm. Simulation results are given in Section V.
Extensionto otherproblemsis in SectionV and conclusions
aregivenin SectionVlI.

Il. PRELIMINARY

A net is given as a routing tree T (V,E), where
V ={so}UV;UV,,andE C V x V. Vertex sq is the
source vertex and also the root of T', V; is the set of sink
vertices,and V,, is the set of internal vertices. Each sink
vertex s € Vs is associatedvith sink capacitance’(s) and
requiredarrival time RAT(s). A buffer library B contains
different types of buffers and its size is representedy b.
For eachbuffer type B; € B, the intrinsic delayis K(B;),
driving resistances R(B;), and input capacitancés C(B;).
A function f : V,, — 2B specifieghe typesof buffersallowed
at eachinternal vertex. Eachedgee € E is associatedvith
lumpedresistanceR(e) and capacitance”(e).

Following previous researcher$?], [3], [5], [6], [12], we
usethe Elmoredelayfor the interconneceindthe linear delay
for buffers. For eachedgee = (v;, v;), signalstravel from v;
to v;. The ElImoredelay of e is

D) = (o) (52 4 0w )

where C(v;) is the downstreamcapacitanceat v;. For ary
buffer type B; at vertex v;, the buffer delayis

D(vj) = R(Bi) - C(v;) + K(Bi),

where C(v;) is the downstreamcapacitanceat v;. When a
buffer B; is inserted,the capacitanceriewed from the upper
streamis C'(B;).

For ary vertex v € V, let T'(v) be the subtreedownstream
from v, andwith v beingthe root. Oncewe decidewhereto
insertbuffersin T'(v), we have a candidate« for T'(v). The
delayfrom v to sink s € T'(v) undera is

D(v,s,a) = Z (D(vi) + D(e)),

e=(v4,v;)
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wherethe sumis over all edgese in the pathfrom v to s. If
v; is a buffer in a, then D(v;) is the buffer delay If v; is not
a buffer in «, then D(v;) = 0. The slackof v undera is

Qv,a) = SénTigj){RAT(s) — D(v,s,a)}.

Buffer Insertion Problem: GivenroutingtreeT = (V, E),
sink capacitance’'(s) and RAT (s) for eachsink s, capaci-
tanceC'(e) andresistance?(e) for eachedgee, possiblebuffer
position f, andbuffer library B, find a candidatex for 7" that
maximizesQ(so, @).

The effect of a candidateto the upstreamis describedby
slack@ anddownstreancapacitanc& [2]. DefineC(v, «) as
the downstreamcapacitancat nodev undercandidaten. For
ary two candidatesy; andas of T'(v), we saya; dominates
ag, If Q(v,a1) > Q(v,a2) and C(v, 1) < C(v,as). The
setof nonredundantcandidatesof 7'(v), which we denoteas
N(v), is the setof candidatesuchthatno candidaten N (v)
dominatesary othercandidaten N (v), andevery candidateof
T'(v) is dominatedoy somecandidatesn N (v). Oncewe have
N(sq), the candidatethat givesthe maximum@(so, «) canbe
found easily The numberof total nonredundantandidatess
at mostn + 1 for one buffer type [2] andbn + 1 for b buffer
types|[3], wheren is the numberof candidatebuffer positions.

The previous best algorithm for multiple buffer types by
Lillis, Chengand Lin consistsof three major operations:
1) adding buffers at a buffer position in O(b%n) time, 2)
addinga wire in O(bn) time, and 3) meging two branchesn
O(bny +bns) time,wheren; andn, arethe numbersof buffer
positionsin the two branchesAs a result,their algorithmhas
time compleity O(b?*n?). Note that the bottleneckof their
algorithmis addingbuffers. Their algorithmtakesO(bn) time
becausdt takes O(b*n) time to generateall new candidates
andO(b?n) time to insertnonredundanonesinto the original
list of nonredundantandidates.

In this section,we shav that the time compleity of the
first operation,adding buffers at a buffer position, can be
reducedto O(bn), and thus our algorithm can achieve total
time compleity O(bn?).

Assumewe have computedthe setof nonredundantandi-
datesN (v ) for T'(v1), andnow reacha buffer positionwv, see
Fig. 1. Wire (v, v1) hasO resistanceand capacitanceDefine
P;(«) asthe slackif we add a buffer type B; at v for ary
candidatex in N(vy):

Pi(a) = Q(v1,a) — 1)

If we do notinsertary buffer at v, thenevery candidatefor

NEW ALGORITHM

R(Bl) . 0(7)1, a) — K(BZ)

T(vy) is a candidatefor T'(v). If we inserta buffer at v, then
for every buffer type B;, i = 1,2,...,b, therewill be a new
candidates;:
Qv,8;) = max {P(a)},
a€N(vy)
C(’U,ﬁi) = C(BZ)

Note that someof the new candidatess;s could be redundant.
Definethe bestcandidatefor B; asthe candidaten; € N(v1)

suchthata; maximizesP;(«) amongall candidate®f N (v;).
If there are multiple o’s that maximize P;(«), the one with
minimum C(«) is chosen.

v v
) 1

Fig. 1. T'(v) consistsof buffer positionv andT'(v1).

We shav how to generateall 3;sin O(bn) time. Sinceall
candidatesliscussedh this sectionarein N (vq), we will write
Q(«) for Q(v1, «), andC(«) for C(v1, ). Supposéuffersin
the buffer library are sortedaccordingto its driving resistance
R(B;) in non-increasingorder, R(By) > R(B3) > --- >
R(By). If somebuffer typesare not allowed at v, we simply
omit themwithout affecting the restof the algorithm.

Lemmal: For ary two buffer typesB; and B;, wherei >
Jj, let their bestcandidatesbe «; and o, respectiely. Then
we musthave C(«o;) > C(q;).

Proof: From the definition of «;, we have P;(«;) >
P;(a;) and Pj(a;) > Pj(a;). Consequently

Qi) = Qa;) = R(B;)- (Clai) — Clay)),
Q(aj) = Qew) = R(Bj) - (Clay) = C(ai)).
Therefore,(R(B;) — R(B;))(C(a;) — C(ay)) <0.
Sincei > j, R(B;) > R(B;). If R(B;j) > R(B;), C(ay) >
C(aj). If R(Bj) = R(B;), thenit is easyto get P;(«;) =

Pi(aj) ande(aj) Pj(a;). Fromthe definition, whenthere
aremultiple o's that maximize P;(«), the onewith minimum
C(«) ischosenThusa; anda; shouldbethe samecandidate,
which meansC(a;) = C(cy). [ |

Lemmal implies that the bestcandidatesy, ... ,«, for
buffer types By, ... , By arein increasingorder of C. How-
ever, this is not enoughfor an O(bn?) time algorithm. In the
following, we definethe conceptof convex pruning, which can
be usedto pruneuselessandidateshat are not prunedby the
traditional van Ginnelen'’s algorithm.

Convex pruning: Let a1, as andas bethreenonredundant
candidatef T'(v1) suchthatC(aq) < Clas) < C(as). If

Qlaz) — Q1) _ Q(as) — Q(az)
< ; )
C(ag)—C(al) C(OZg)—C(OQ)
thenwe prunecandidaten.

Convex pruning can be explained by Figure 2. Consider
() as the Y-axis and C' as the X-axis. Then the set of
nonredundantandidateN (v;) area setof pointsin the two-
dimensionalplane. Candidateas in the above definition is
shawvn in Figure 2(a), andis prunedin Figure 2(b). Call the
candidatesafter corvex pruning M (v1). It can be seenthat
N(v1) is a monotonicallyincreasingsequencewhile M (vq)
is a corvex hull.

Function ConvexPr uni ng performscorvex pruning for
ary list of nonredundantandidatessortedin increasing(@
andC order Thefollowing C codedefinesthelinked list data
structurefor the candidates:

t ypedef struct Candidate {
double Q G
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Fig. 2. (a) NonredundantandidatesV (v1) on (Q, C) plane.(b) Nonre-

dundantcandidates\ (v1) after corvex pruning.

struct Candi date *next,
/'l double link |ist
} Candi dat e;

*prev;

Let the candidatewith minimum C be a;. We add a
dummy candidate(—oo, C'(«y)) at the beginning of the list
to simplify the algorithm. The list is pointed by header .
FunctionLef t Tur n checksif al, a2 and a3 form a left
turn on the plane.lt is the sameasthe conditionin Eq. (2).

voi d ConvexPruni ng( Candi dat e *header)

{

Candi date *al, *a2, *a3;
header ;
al- >next;

al
az2
a3 az2->next ;

while (a3 !'= NULL) {
if (LeftTurn(al, a2, a3)) {

/1 prune a2 and nove backward
free(a2);
al- >next
a3- >prev
a2 al;
al al->prev;
se
/1
a3
a2
al

as3;
al,;

1 nu

nove forward
a3- >next ;
a2- >next ;
al- >next;

Lemma2: Given ary set of k nonredundantcandi-
dates sorted in increasing @ and C order function
ConvexPr uni ng performscorvex pruning in O(k) time.

Proof: This procedureis known as Grahams$ scanin
computationageometry[13]. It finds the corvex hull of a set
of pointsin sortedorderin lineartime.

[ |
Lemma3: For ary buffer type B; € B, its bestcandidate
a; thatmaximizesP; () is not prunedby ConvexPr uni ng.

w

Proof: Considerary candidatey € N(v;1) with C(vy) >
C(«;). Accordingto the definition of «;, we have P;(a;) >
P;(v). Therefore,

Q(Y) — Qo) <

Q(y) — Q)

C(v) — Clai)
Similarly for ary candidaten € N(v1) with C(n) < C(a;),
we have

R(B;) - (C(v) = C(aw)),
R(By).

IN

Q((ai)) - Q((U)) > R(B;)-(C(ai) = C(n)),
Qi) — Qn ,
Cla)—cty
Therefore,
Qi) — Q(n) Q(y) — Qay)
C(a;) = C(n) C(y) = C(ai)’

wherer) is arny candidateswith C(n) < C(«;), and~ is ary
candidatesvith C(~) > C(«;). Accordingto the definition of
corvex pruning, «; is not pruned. ]
Lemmad4: Let the set of nonredundantcandidatesafter
ConvexPruni ng be M(v;) andassumelM (v,) are sorted
in increasing® and C' order Considerary three candidates
N, «, v in M(vy), suchthat C(n) < C(a) < C(v). For ary
buffer type B; € B, if P;(n) > Pi(«a), then Pi(n) > Pi(v);
if P;(v) = Pi(), then Pi(y) = P;(n).
Proof: From the definition of corvex pruning, we have

Q) ~Qa) _ Qa) — Q)
C(y)=Cla) = C(a) = C(n)
If Pi(n) > Pi(Oé), then
Q) — Q)
Clay—cry = M
Q) — Qo)
o) Oy = T
Qa) = R(B;)-Cla) = Q(v) — R(Bi) - C(7),
Pi(a) > Pi(v)
Therefore,P;(n) > P;(v). Similarly, if P;(y) > P;(«), then
Q) — Q)
) =Cla) > R(B),
Q) —Q(n)
o) cty -~ P
Q) = R(Bi)-C(a) = Q(n) — R(B;i)-C(n)
Pi(a) = Pi(n).
Therefore,P;(v) > Pi(n). [ |

Lemma4 implies that for ary buffer type B;, if candidate
a maximizesP;(«) amongits previous and next consecutie
candidatesin M (vy), then o maximizes P;(«) among all
candidatesn M (vy).

FunctionNewCandi dat e identifiesthe bestcandidatesy;
from N (v;) andgeneratesew candidates;, fori = 1,... ,b.
Nonredundantandidatesn N (v;) arestoredin increasingC'
orderusingadoublelink list pointedby header . Buffer types
aresortedin non-increasingiriver resistanceorderandstored
in arrayB. FunctionP(i, a) computesP;(«) asdefinedin
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Eqg. (1). FunctionSor t ( bet a) sortsg’s in nondecreasing’
order

voi d Candi dat e *NewCandi dat e(
Candi dat e *header, Candi date *beta)

{
Candi date *al, *a2;
int i;
ConvexPr uni ng( header) ;
al = header;
a2 = al->next;
for (i =1; i <=Db; i ++) {
while (a2 !'= NULL) {
if (P(i, al) < P(i, a2)) {
al = al->next;
a2 = al->next;
} else
br eak;
}
/'l generate new candi date
beta[i]->Q = P(i, al);
beta[i]->C = B[i]->C
}
Sort (beta);
}

Theoem1: If v is a buffer position,wire (v, v;) is a wire
with zeroresistancendcapacitancenonredundantandidates
of N(vq) arestoredin increasing? andC' order, thenfunction
NewCandi dat e generatesll nev candidatesfor N(v) in
O(bn) time.

Proof: Let the set of nonredundantcandidatesafter
ConvexPr uni ng be M (vy). FromLemma3, we know that
all bestcandidatesy;’s arein M (vy). From Lemmal and
Lemma4, startingfrom thefirst candidatesn M (v1), function
NewCandi dat e canfind all 5;’s in the increasingorder of
1.

Now considerthetime compleity. Accordingto Lemmaz2,
function ConvexPr uni ng takesO(bn) time. Thef or loop
takesO(bn+b) = O(bn) time. To reducethe time complexity
for function Sor t , we sortthe entire buffer library according
to input capacitanceC(B;) in O(blogb) time during pre-
processingand establishan order from buffer index i to the
orderin C(B;). Theneachtime function Sor t is called,the
new candidates’;’s can be sortedin nondecreasing’ order
by usingthe index in O(b) time. |

Oncewe have all new candidateggeneratedand sortedin
increasingl andC' order it is easyto memge with nonredun-
dantcandidatesn N (v;) to produceN (v). Thetime it takes
is linear in termsof the two lists: O(bn) + O(b) = O(bn).
Since the other two operations,adding a wire and meming,
canboth be donein time O(bn), we have:

Theoem?2: The optimal buffer insertion problem for b
buffer typesandn possiblebuffer positionscanbe computed
in time O(bn?).

IV. SIMULATION

Both the algorithmof Lillis etal [3] andthe new algorithm
areimplementedn C andrun on a Sun SFARC workstations
with 400MHz and2 GB memory Thedevice andinterconnect
parametergarebasecon TSMC 180nm technologyWe have 4
differentbuffer libraries,of size 8, 16, 32 and64 respectiely.
Thevalueof R(B;) is from 1802 to 700012, C(B;) is from
0.7 fF to 23fF, and K (B;) is from 29 psto 36.4ps. The sink
capacitancesangefrom 2 fF to 41 fF. The wire resistancds
0.076%2/um andthe wire capacitancés 0.118fF /um. Table
| shaws for large industrial circuits, the new algorithmis up
to 11 timesfasterthanLillis’ algorithm.The memoryusages
only 2% more dueto the doublelinked list usedby the new
algorithm.

Fig. 3 compareghe time compleity of two algorithmsfor
thenetwith 1944sinksand33133buffer positionswith respect
to the size of buffer library b. In the figure, the y axis is
normalizedto the running time of the casewhen the buffer
library sizeis 8. Thoughthe worst casetime compleity of
Lillis’ algorithmis quadratian termsof b, it beharesmorelike
alinearfunctionof b, asobsenredin [11]. Thetime compleity
of our algorithmis alsolinear, but hasa much smallerslope.

Fig. 4 compareghe time complexity of the two algorithms
for the net with 1944 sinks, with respectto the number of
buffer positionsn. The buffer library sizeis 32. In the figure,
the y axisis normalizedto the runningtime of the casewith
1943 buffer positions.We can seethat while Lillis’ and our
algorithms both behare quadratically our algorithm shows
much slower growing trend since the operation of adding
buffersbecomegnoredominantamongthreemajoroperations
whenn increases.
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Fig. 3. Comparisonof normalizedrunningtime of our new O(bn?) time
algorithmandthe O(b2n?2) time algorithm by Lillis et al. Numberof sink is
1944 and numberof buffer positionsis 33133.

V. EXTENSION

The algorithm describedin Section Il can be extended
to improve the buffer cost minimization algorithm by Lillis,
ChengandLin [3]. They represeneachcandidateas a tuple
(Q, C, W), whereW is thetotal buffer cost,andperformthree
operationsduring dynamic programming:1) adding buffers
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Fig. 4. Comparisonof normalizedrunning time of our new O(bn?) time
algorithmandthe O(b2n?2) time algorithmby Lillis et al. Numberof sink is
1944 and numberof buffer typesis 32.

at a buffer position, 2) adding a wire, and 3) memging two
branches.In their algorithm, candidatesare first grouped
accordingto W, and then for eachvalue of W, storedin
increasingorder of (@, C). Accordingthe analysisin [3], the
operationof adding buffers takes O(bN) time to generate
new candidateswhere N is the number of nonredundant
candidates.

We extend our algorithmto (@, C, W) framework as fol-
lows. For eachW, we apply function NewCandi dat e on
its list of (Q,C) candidatesWith a similar analysisas in
Sectionlll, it is clearthatthetime to generateew candidates
is reducedto O(N). The time for othertwo operationss the
same.

Our new algorithm can also be easily integrated with
predictive pruning[10], [14], and inverting buffer types[3].

VI. CONCLUSION

We presentech new algorithm for optimal buffer insertion
with b buffer types of worst casetime O(bn?). This is an
improvement of the previous best O(b*n2) algorithm [3].
Simulation results shov our new algorithm is significantly
fasterthan O(b*n?) algorithms for large industrial circuits
with large buffer libraries. Our algorithm canalso be applied
to resourceminimization and inverting buffer types. Since
multiple buffer typesare usedin mostexisting algorithmson
buffer insertion,the new algorithm can significantly improve
the performanceof all thesealgorithms.
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