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FastCapacitanceExtractionUsing Inexact
Factorization

ShuYan, Vivek Sarin,andWeiping Shi

Abstract — Most capacitance extraction algorithms based on Boundary Element Method (BEM) use iterati ve
solvers, which is favorable for solving large systems.Differ ent fr om the common practice, we presentan approach
that solves a small system for capacitanceusing the dir ect solver. Our study is based on the sparse formulation
proposed in [8]. With proper ordering of the rows and columns, the sparse system can be approximated by its
inexact factorization. Furthermor e, with the proper ordering, the part of the solution vector, which contributes to
capacitance,can be solved using the sub-matrix of the inexact factors. The dimension of the sub-matrix is

�������
,

where
�

is the number of conductors. To our knowledge, this is the first BEM style method to solve capacitance
extraction problem without using iterati ve solver. Experimental results show that the new algorithm is up to 100
times faster than FastCap [4] and is also much faster than the method in [8] (we call it PHiCap). The error of the
new method with respectto FastCap is within 2%.

I . INTRODUCTION

Capacitanceextraction is an importantproblemthat hasbeenextensively studied.The capacitanceof an � -
conductorgeometryis summarizedby an �	��� capacitancematrix 
 . To determinethe � -th column of the
capacitancematrix, we computethe surfacechargesproducedon eachconductorby raisingconductor� to unit
potentialwhile groundingthe otherconductors.Then 

� � is numericallyequalto thechargeon conductor� . This
procedureis repeated� times to computeall the columnsof C.

Many capacitanceextractionalgorithmsarebasedon BEM. FastCap[4], HiCap [6], andotheralgorithms[1]
are acceleratedwith Fast Multipole Method (FMM) [2]. The pFFT algorithm [5] and IES� algorithm [3] are
acceleratedusingFastFourier Transformandsingularvaluedecompositionrespectively. Thesemethodssplit the
conductorsurfacesinto small panelsandformulatethe problemusinga linear system���������

(1)

where
���

IR� is thevectorof unknown panelcharges,
���

IR� is thevectorof known panelpotentials,
���

IR�����
is thepotentialcoefficient matrix and  is thenumberof panels.The linearsystemis denseanditerative methods
areusedfor solving it.

In [8], we proposeda linear transformationwhich transformsthe denselinear systemto the equivalentsparse
linear system,which is solved usingpreconditionediterative methods.Experimentalresultsshow the incomplete
LU or incompleteCholesky factorizationsarevery efficient preconditioners.Inspiredby this observation, instead
of usingthe inexact factorizationsaspreconditionersfor iterative solver, in this paper, we approximatethesparse
linearsystemusingits inexact factorizationandsolve the approximatesystemusingdirectmethod.Theaccuracy
of theapproximatesystemcanbeimprovedwith properrow/columnordering.In addition,with properrow/column
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ordering,the capacitancematrix can be computedby solving a small systemof size !#"$�&% obtainedfrom the
inexact factors.

I I . PRELIMINARIES

The HiCap method[6] constructsa hierarchicaldatastructurethat containsthe potentialcoefficient matrix
�

,
which is a densematrix with !
"$ '% block entries.Fig. 1 shows anexampleof the hierarchicaldatastructure.The
panelsare storedas nodesin the tree, and the block coefficient entriesare storedas links betweenthe nodes.
Eachtree representsthe partition of a conductorsurface.The root noderepresentsthe conductorsurface.Each
non-leafnoderepresentsa panel that is further subdivided into two child panels.Each leaf node representsa
panel that is not subdivided further. The union of all the leaf nodescovers the conductorsurfacescompletely.
The rows andcolumnsof

�
, the entriesof

�
and

�
correspondleaf nodes.

Basedon the hierarchicaldata structure,[8]
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Fig. 1. The hierarchicaldatastructureandpotentialcoefficients.

constructsthe transformationC , which convert
the denselinear system (1) to the equivalent
sparsesystem D� D�E� D�F�

(2)

where
D��� C �

,
D��� CHGJI � and

�K� CLI D� C .
The entriesof

D�
and

D�
correspondto the root

nodesand the right child nodes.Matrix
D�

is
sparsewith the numberof nonzeroscomparable
to the number of block entries in

�
. In [8],

thesparsesystemis solvedusingiterative meth-
ods, with preconditionersconstructedfrom in-
completeLU or incompleteCholesky factorizations.

Sincethe rows of C aremutually orthogonal,CMC I is a diagonalmatrix. The sum of entriesin eachrow
of C arezero for all nodesexcept the root. As a result, the vectorD��� C GJI �&� "NCOC I % GJP C �
hasonly nonzeroentriesin rows correspondingto root nodesof the conductorsurfacesat unit potential.The
rows of C correspondingto root nodeshave identicalnonzeroentrieswhich dependon the height.Thus,a root
nodeentry in

D�
is thesumof all leaf panelchargesin that tree,scaledby a factorwhich is decidedby theheight.

Capacitanceis computedfrom thoseroot entries.

I I I . NEW ALGORITHM

Let QR and QS be the inexact lower and upper triangular factors of
D�

obtained from incompleteLU or
Cholesky factorization.From [8], with no more than 4 iterations, the norm residual converges to 1% usingQR QS as preconditioner, which meansthat QR QS is a very good approximationof

D�
. The basic idea of the new

algorithmis to solve QR QS Q��� D� (3)

for Q� , using forward and backward substitution.Here Q� is an approximationof
D�
. Furthermore,with proper

row/columnordering,only thesmallpart of Equation(3), QR�TUT QSVTUT Q�WT�� D�WT , is necessaryfor solvingcapacitance.
We explain this in detail later. The new algorithmis outlinedbelow.
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The New Algorithm
1) Constructhierarchicaldatastructureof

�
.

2) Transformthedensesystem
�����X�

to equivalentsparsesystem
D� D�E� D�

, with perperrow/columnordering.
3) Computeinexact factorization QR QS for

D�
.

4) Solve QR TUT QS TUT Q� T � D� T by forward andbackward substitution.
5) Computecapacitance.

In Step 1, we use HiCap algorithm to constructthe denselinear system.In Step 2, we make the sparse
transformationusingPHiCapalgorithm.Whenforming the

D�
matrix, in orderto improve theaccuracy of the QR QS

approximationof the following step,we ordertherows/columnscarefully. Comparedwith theexact factorization,
the inexact factors QR and QS maintain the sparsepatternof

D�
by dropping the nonzeroentries,called fill-ins,

in positionswhere
D�

haszero entries.Sinceincompletefactorizationupdatesthe rows oneby one from top to
bottom,we canorderthe rows with lessnonzerosto the top part andthe rows with morenonzerosto the bottom
to reducethe numberof droppedfill-ins. Consideringthe hierarchicaldatastructurein Fig. 1, after the sparse
transformation,higher nodeshave more links than lower nodes.We order the nodesaccordingto the heights,
with lower nodesbeforehigher nodes.All root nodesare orderedlast. As a result, the accuracy of the inexact
factorizationin Step3 is improved.

In addition,with the properordering,the costneededto solve system(3) canbe reduced.Let

Q�E� Q� PQ� T and
D��� D� PD� T �

wherevectors Q� P and
D� P correspondto right child nodesand Q� T and

D� T
correspondto root nodes.According

to the discussionin previous section,
D� P �XY . Furthermore,eachentry of Q�WT is the sum of all the leaf panel

chargesin that tree,scaledby a factor that dependson the height of the root node.Thus,only Q� T is necessary
for computingcapacitance.

Following the sameordering,we representQR and QS as the follows.

QR�� QR PZP Y
QR[T P QR�TUT and QS\� QS PUP QS P TY QSVTUT ]

Thus,equation(3) canbe written as

QR PZP Y
QR T P QR TUT

QS PUP QS P TY QS TUT Q� PQ� T
� ^D� T �

which resultsin QR PUP QS PUP Q� P�_ QS P T Q� T �XY
(4)

QR�T P QS PUP Q� P _ QS P T Q�WT _ QR[TUT QSVTUT Q�WT
� D�WT ] (5)

From Equation(4), since QR PUP is nonsingular, we have

QS PUP Q� P[_ QS P T Q� T ��Y ] (6)

Substitute(6) in Equation(5), the problemis reducedto

QR TUT QS TUT Q� T � D� T ] � (7)

We only needto solve system(7) for Q� T to computecapacitance.That is Step4 andStep5. The dimension
of system(7) equalsthe numberof conductorsurfaces,which is !#"$�&% . Sincethe systemdimensionis small, it
canbe solved easilyusing forward andbackward substitution.
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TABLE I

EXPERIMENTAL RESULTS OF BUS CROSSING EXAMPLES IN UNIFORM DIELECTRIC. TIME IS CPU SECONDS. ITERATION IS AVERAGE

FOR SOLVING ONE CONDUCTOR. MEMORY IS MB. ERROR IS WITH RESPECT TO FASTCAP(ORDER=2).

Bus crossingin uniform dielectric
Bus4x4 Bus6x6 Bus8x8

FastCap PHiCap New FastCap PHiCap New FastCap PHiCap New
(order=2) Algorithm (order=2) Algorithm (order=2) Algorithm

Time 18.6 0.4 0.3 113.9 1.5 1.1 206 3.3 2.8
Iteration 8 3 — 14.4 3.2 — 12 3.4 —
Memory 25.7 2.4 2.1 62.5 7.3 6.4 112 12.8 11.4

Error — 2.1% 1.1% — 2.3% 1.7% — 3.0% 1.8%
Panel 2736 1088 1088 5832 3168 3168 10080 4224 4224

Bus crossingin multilayer dielectrics
Bus4x4 Bus6x6 Bus8x8

FastCap PHiCap New FastCap PHiCap New FastCap PHiCap New
(order=2) Algorithm (order=2) Algorithm (order=2) Algorithm

Time 63 2.0 1.5 162 5.7 3.4 324 14.2 6.9
Iteration 13 2 — 17.1 3 — 18 3 —
Memory 68 6.4 5.6 92 14.0 12.4 133 26.3 23.5

Error — 0.7% 0.7% — 1.3% 1.4% — 1.4% 1.5%
Panel 3456 2120 2120 5448 4120 4120 7968 6784 6784

IV. EXPERIMENTAL RESULTS

We comparethe new methodwith FastCap[4] and PHiCap [8]. Table I reports the experimentalresults.
The bus crossingexamplesin uniform dielectricarestandardbenchmarksfrom [4]. The examplesin multilayer
dielectricsare from [8]. The algorithmsareexecutedon a SunUltraSPARC Enterprise4000.The relative error
in thecapacitancematrix 
a` , which is computedby thealgorithms,is definedas bU
�c�
d`ebgf5hibU
jbgf , where blkmb?n
denotesthe Frobeniusnorm. The new algorithm useslessmemorycomparedwith PHiCap,becauseQR and QS
overwrite

D�
andthe memoryfor iterative solver in PHiCaparenot neededin the new algorithm.

V. CONCLUSIONS

The algorithmpropsedin this paperis the first capacitanceextractionalgorithmbasedon BEM, which solves
the linear systemusingdirect method,insteadof iterative solver. The new methodis up to 100 timesfasterthan
FastCapand is alsomuch fasterthanPHiCap.
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