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Abstract — Most capacitance extraction algorithms based on Boundary Element Method (BEM) use iterative
solvers, which is favorable for solving large systems.Differ ent from the common practice, we presentan approach
that solves a small systemfor capacitance using the direct solver. Our study is based on the sparse formulation
proposedin [8]. With proper ordering of the rows and columns, the sparse system can be approximated by its
inexact factorization. Furthermor e, with the proper ordering, the part of the solution vector, which contributes to
capacitance,can be solved using the sub-matrix of the inexact factors. The dimension of the sub-matrix is O(m),
where m is the number of conductors. To our knowledge, this is the first BEM style method to solve capacitance
extraction problem without using iterati ve solver. Experimental results showv that the new algorithm is up to 100
times faster than FastCap [4] and is also much faster than the method in [8] (we call it PHiCap). The error of the
new method with respectto FastCap is within 2%.

. INTRODUCTION

Capacitanceaxtractionis an importantproblemthat hasbeenextensvely studied.The capacitanceof an m-
conductorgeometryis summarizedoy an m x m capacitancematrix C. To determinethe j-th column of the
capacitancenatrix, we computethe surface chagesproducedon eachconductorby raising conductor; to unit
potentialwhile groundingthe otherconductorsThen C;; is numericallyequalto the chage on conductor:. This
procedurds repeatedn timesto computeall the columnsof C.

Many capacitancextractionalgorithmsare basedon BEM. FastCap[4], HiCap [6], and otheralgorithms[1]
are acceleratedvith Fast Multipole Method (FMM) [2]. The pFFT algorithm [5] and IES? algorithm [3] are
acceleratedising Fast Fourier Transformand singularvalue decompositiorrespectiely. Thesemethodssplit the
conductorsurfacesinto small panelsand formulatethe problemusinga linear system

Pq=v, 1)

whereq € R" is thevectorof unknovn panelchages,v € IR” is thevectorof known panelpotentials P € IR™*"
is the potentialcoeficient matrix andn is the numberof panels.Thelinear systemis denseanditerative methods
are usedfor solvingit.

In [8], we proposeda linear transformationwhich transformsthe denselinear systemto the equivalentsparse
linear system which is solved using preconditionedterative methods Experimentakesultsshav the incomplete
LU orincompleteCholesly factorizationsare very efficient preconditionersinspiredby this obsenation, instead
of usingthe inexactfactorizationsaspreconditionergor iterative solver, in this paper we approximatehe sparse
linear systemusingits inexact factorizationand solve the approximatesystemusingdirect method.The accuray
of theapproximatesystemcanbeimprovedwith properrow/columnordering.In addition,with properrow/column
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ordering, the capacitancematrix can be computedby solving a small systemof size O(m) obtainedfrom the
inexact factors.

Il. PRELIMINARIES

The HiCap method[6] constructsa hierarchicaldatastructurethat containsthe potentialcoeficient matrix P,
which is a densematrix with O(n) block entries.Fig. 1 shavs an exampleof the hierarchicaldatastructure.The
panelsare storedas nodesin the tree, and the block coeficient entriesare storedas links betweenthe nodes.
Eachtree representshe partition of a conductorsurface. The root noderepresentshe conductorsurface.Each
non-leaf node representsa panelthat is further subdiided into two child panels.Eachleaf node representsa
panelthat is not subdvided further The union of all the leaf nodescoversthe conductorsurfacescompletely
The rows and columnsof P, the entriesof q andv correspondeaf nodes.

Basedon the hierarchicaldata structure,[8]

constructghe transformationW, which corvert
the denselinear system (1) to the equialent , N\
sparsesystem - A5l A1
Pg=v, (2) / 7
whereq = Wq, ¥ = W-TvandP = WTPW. A0 ﬁ._%j
The entriesof q and v correspondto the root 7 AN
1 1 H H ) A i A
nodesand the right child nodes.Matrix P is g A e 1D

sparsewith the numberof nonzeroscomparable

to the number of block entriesin P. In [8],

the sparsesystemis solved usingiteratve meth- Fig. 1. The hierarchicaldatastructureand potential coeficients.
ods, with preconditionersconstructedfrom in-

completeLU or incompleteCholesly factorizations.

Sincethe rows of W are mutually orthogonal, WW™ is a diagonalmatrix. The sum of entriesin eachrow
of W arezerofor all nodesexceptthe root. As a result, the vector

=W Ty = wwTh)"lwv

hasonly nonzeroentriesin rows correspondingo root nodesof the conductorsurfacesat unit potential. The
rows of W correspondingo root nodeshave identical nonzeroentrieswhich dependon the height. Thus, a root
nodeentryin q is the sumof all leaf panelchagesin thattree,scaledby a factorwhich is decidedby the height.
Capacitances computedfrom thoseroot entries.

I11. NEW ALGORITHM

Let L. and U be the inexact lower and upper triangular factors of P obtainedfrom incomplete LU or
Choleslky factorization.From [8], with no more than 4 iterations, the norm residual cornvergesto 1% using
LU as preconditionerwhich meansthat LU is a very good approximationof P. The basicidea of the new
algorithmis to solve

LUg=+v (3)
for g, using forward and backward substitution.Here g is an approximationof q. Furthermore with proper

row/columnordering,only the small part of Equation(3), L22Us2282 = V2, is necessaryor solving capacitance.
We explain this in detail later The new algorithmis outlined below.



The New Algorithm

1) Constructhierarchicaldatastructureof P.

2) TransformthedensesystemPq = v to equivalentsparsesystemPq = ¥, with perpemrow/columnordering.
3) Computeinexact factorizationLU for P.

4) Solve 1222622(12 = vg by forward and backward substitution.

5) Computecapacitance.

In Step 1, we use HiCap algorithm to constructthe denselinear system.In Step 2, we make the sparse
transformatiorusing PHiCapalgorithm.Whenforming the P matrix, in orderto improve the accurag of the LU
approximatiorof the following step,we orderthe rows/columnscarefully Comparedwith the exactfactorization,
the inexact factors. and U maintainthe sparsepatternof P by dropping the nonzeroentries, called fill-ins,
in positionswhere P haszero entries.Sinceincompletefactorizationupdatesthe rows one by one from top to
bottom,we canorderthe rows with lessnonzerodo the top partandthe rows with morenonzerogo the bottom
to reducethe numberof droppedfill-ins. Consideringthe hierarchicaldatastructurein Fig. 1, after the sparse
transformation higher nodeshave more links than lower nodes.We order the nodesaccordingto the heights,
with lower nodesbefore higher nodes.All root nodesare orderedlast. As a result, the accurag of the inexact
factorizationin Step3 is improved.

In addition, with the properordering,the costneededo solve system(3) canbe reduced.Let

~ | Q1
4 l 2
wherevectorsg; and v, correspondo right child nodesand g2 andvo correspondo root nodes.According
to the discussionin previous section,v; = 0. Furthermore,eachentry of g2 is the sum of all the leaf panel

chagesin that tree, scaledby a factorthat dependson the height of the root node.Thus,only g» is hecessary
for computingcapacitance.

Following the sameordering,we representl, and U asthe follows.
e L1 0 2 Uir Ui
L=| - N and U= N .
[ L21 Loz ] [ 0 Uz ]

Thus, equation(3) canbe written as

I:411 0 Uy I:le a1
Lzy Lag 0 Ujp 4z

which resultsin

L11 (fjllfh + IAjlzflz) =0 (4)
Lot (ﬁllfh + IAJ'12612) + i22ﬂ2ZQ2 = V2. (5)
From Equation(4), sinceL1; is nonsingularwe have
U11G1 + Ur2G2 = 0. (6)
Substitute(6) in Equation(5), the problemis reducedto
L22Us242 = V2., (7)

We only needto solve system(7) for g2 to computecapacitanceThatis Step4 and Step5. The dimension
of system(7) equalsthe numberof conductorsurfaces,which is O(m). Sincethe systemdimensionis small, it
can be solved easily using forward and backward substitution.



TABLE |

EXPERIMENTAL RESULTS OF BUS CROSSING EXAMPLES IN UNIFORM DIELECTRIC. TIME IS CPU SECONDS. | TERATION IS AVERAGE
FOR SOLVING ONE CONDUCTOR. MEMORY IS MB. ERROR IS WITH RESPECT TO FASTCAP(ORDER=2).

Bus crossingin uniform dielectric
Bus4x4 Bus6x6 Bus8x8
FastCap PHiCap New FastCap PHiCap New FastCap PHiCap New
(order=2) Algorithm | (order=2) Algorithm | (order=2) Algorithm
Time 18.6 0.4 0.3 113.9 15 1.1 206 3.3 2.8
Iteration 8 3 — 14.4 3.2 — 12 3.4 —
Memory 25.7 2.4 2.1 62.5 7.3 6.4 112 12.8 11.4
Error — 2.1% 1.1% — 2.3% 1.7% — 3.0% 1.8%
Panel 2736 1088 1088 5832 3168 3168 10080 4224 4224
Bus crossingin multilayer dielectrics
Bus4x4 Bus6x6 Bus8x8
FastCap PHiCap New FastCap PHiCap New FastCap PHiCap New
(order=2) Algorithm | (order=2) Algorithm | (order=2) Algorithm
Time 63 2.0 15 162 5.7 3.4 324 14.2 6.9
Iteration 13 2 — 17.1 3 — 18 3 —
Memory 68 6.4 5.6 92 14.0 12.4 133 26.3 235
Error — 0.7% 0.7% — 1.3% 1.4% — 1.4% 1.5%
Panel 3456 2120 2120 5448 4120 4120 7968 6784 6784
IV. EXPERIMENTAL RESULTS

We comparethe new methodwith FastCap[4] and PHiCap[8]. Table | reportsthe experimentalresults.
The bus crossingexamplesin uniform dielectric are standardbenchmarkdrom [4]. The examplesin multilayer
dielectricsarefrom [8]. The algorithmsare executedon a Sun UltraSFARC Enterprise4000. The relative error
in the capacitancenatrix C’, which is computedby the algorithms,is definedas | C — C'||g/||C||r, where|| - || ¢
denotesthe Frobeniusnorm. The new algorithm usesless memory comparedwith PHiCap, becausel, and U
overwrite P andthe memoryfor iterative solver in PHiCapare not neededn the new algorithm.

V. CONCLUSIONS

The algorithm propsedin this paperis the first capacitancextractionalgorithmbasedon BEM, which solves
the linear systemusing direct method,insteadof iterative solver. The new methodis up to 100timesfasterthan
FastCapandis also muchfasterthan PHiCap.
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